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Abstract. We explore the problem of atomic collapse in graphene by monopole
impurities, both electric and magnetic, within the context of supersymmetric quantum
mechanics. For electric impurities, upon factorizing the radial Dirac Hamiltonian
and identifying the supercharges, existence of a critical charge that makes the
ground state fall-into-the-center translates into lost of hermicity for the corresponding
Hamiltonian and hence lost of unitarity of the theory. For the problem of magnetic
monopole impurities, preservation of unitarity for all values of the parameters of the
corresponding potential translates into the absence of atomic collapse in this case.
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1. Introduction
An interesting prediction of relativistic quantum mechanics is the possibility of having
processes whereby the neutral vacuum of quantum electrodynamics (QED) becomes
unstable, inducing emission of positrons (see, for instance, Ref. [1] and references
therein). In this way the normal neutral vacuum decays into a charged vacuum. This
process, in spite of many efforts, however, has not yet been observed because it requires
a Coulomb potential generated by a nucleus with a charge bigger than Z = 137. The
collapse of the neutral vacuum is triggered by the diving of bound states into the Dirac
sea, the negative energy continuum states. If such a situation occurs, the dived state
becomes degenerate with the occupied negative energy electron states of the sea and
one of these electrons may occupy the new state, leaving a hole, i.e. a positron, that
escapes while the electron remains near the source of the potential.
Going into a completely new scenario, the physics of graphene an other Dirac-
Weyl type of materials, where a linear “relativistic” dispersion relations appears at low
energies (see Ref. [2] for a recent review), we may use this picture to discuss, for example,
the huge peaks in longitudinal conductivity of graphene doped with external impurities
as calcium atoms [3]. More recently, it has been observed that a single-atom vacancy in
graphene can host a local charge, which can be gradually built up by applying voltage
pulses with the tip of a scanning tunnelling microscope till it reaches a supercritical
regime [4]. This happens because in these materials, particularly graphene, where
electrons move in a two-dimensional manifold, the scale is set by the Fermi velocity
vF which is around 300 times slower than the speed of light in vacuum c. Hence, we
expect the “relativistic” effects to be enhanced by the same factor.
The problem of atomic collapse by electric impurities in graphene has been discussed
by many authors in the past [5, 6, 7, 8]. The setup of the problem is the (2+1)-
dimensional Dirac equation in a Coulomb potential V (r) ∼ −1/r. Bound states are
found and then, the key observation is that the energy of the ground state becomes
a purely imaginary number when a critical value for the charge of the impurity is
reached. Atomic collapse has been discussed for the Dirac equation for the case of
short-range potentials in the form of δ-functions [9, 10]. For a 3-dimensional spherical
δ-potential [9], conditions for the wave functions to reach the critical state, namely, the
parameters which dive the ground state to the continuum are discussed. As opposed
to the spherical case, for a cylindrical δ-potential [10], which allows a reduction to
(2+1)-dimensions, the critical state cannot be reached due to the lack of support of the
potential. In this work, we present a new perspective to the atomic collapse induced by
a long-range electric monopole impurity. Using the ideas of supersymmetric quantum
mechanics (SUSY-QM), we are able to show, in a quite natural way, that the atomic
collapse is related to lost of unitarity, as expected. In fact, we introduce a rotation
operator that allows us to decouple the radial Dirac equation obeyed by the pseudo-
spinor in the presence of an external spherically symmetric potential induced by external
charges. The emerging system can be cast in the form of a supersymmetric pair. This
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construction is not possible anymore when the effective charge becomes bigger than a
certain critical value which agrees with previous results in the literature.
We further extend our framework to the case of graphene in a magnetic monopole
impurity, first considered in Ref. [11]. The Dirac equation in this case, properly
factorized, corresponds to a supersymmetric pair with magnetic Coulomb potentials [12].
Nevertheless, in this case, atomic collapse is not realized. Such an observation is in
agreement with the classical statement that magnetic fields do not exert work on charged
particle systems. The remaining of the article is organized as follows: In Sect. 2, we
briefly remind the reader the basics of SUSY-QM. Sect. 3 presents a detailed analysis of
the problem of graphene in electric and magnetic monopole impurities. We finally
discuss our findings and present our conclusions in Sect. 4. Further details of the
calculation are presented in an appendix.
2. Brief survey on supersymmetric quantum mechanics
Supersymmetric quantum mechanics, or SUSY-QM, is a framework which
relates the spectrum and wave functions of two quantum mechanical systems whose
Hamiltonians contain the potentials V1 and V2 related in a specific manner we describe
below [13, 14]. For a particle of mass m under the influence of the a one-dimensional
potential V1(x), in units where ~ = 2m = 1, let us consider the Hamiltonian
H1 = − d
2
dx2
+ V1(x) , (1)
which can be factorized in the form
H1 = A
†(x)A(x) , (2)
where the operators A(x) and A†(x) are
A(x) =
d
dx
+W (x) , A†(x) = − d
dx
+W (x) . (3)
Here, W (x) is referred to as the super-potential, and is related to the original potential
V1(x) through the Riccati equation
V1(x) = W
2(x)−W ′(x) , (4)
where the prime denotes derivative with respect to x. The superpartner of H1 is a
second Hamiltonian expressed in terms of a potential V2(x),
H2 = − d
2
dx2
+ V2(x) , (5)
and is such that it can be factorized as
H2 = A(x)A
†(x) , (6)
where the superpartner potential V2(x) is related to the superpotential W (x) through
V2(x) = W
2(x) +W ′(x) . (7)
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From the stationary Schro¨dinger equations,
H1ψ
(1)
n (x) = A
†(x)A(x)ψ(1)n (x) = E
(1)
n ψ
(1)
n (x) , (8)
H2ψ
(2)
n (x) = A(x)A
†(x)ψ(2)n (x) = E
(2)
n ψ
(2)
n (x) , (9)
we observe that
H2(A(x)ψ
(1)
n (x)) = A(x)A
†(x)A(x)ψ(1)n (x) = E
(1)
n (A(x)ψ
(1)
n (x)) , (10)
and also,
H1(A
†(x)ψ(2)n (x)) = A
†(x)A(x)A†(x)ψ(2)n (x) = E
(2)
n (A
†(x)ψ(2)n (x)) . (11)
Assuming the ground state energy E
(1)
0 = 0, we have that
E(2)n = E
(1)
n+1 , E
(1)
0 = 0 ,
ψ(2)n = [E
(1)
n+1]
−1/2A(x)ψ
(1)
n+1(x) ,
ψ
(1)
n+1 = [E
(2)
n ]
−1/2A†(x)ψ(2)n (x) , (12)
namely, H1 andH2 are isospectral up to one less bound state whichH2 does not have [13].
The above quantum mechanical pair of Hamiltonians can be treated simultaneously
in an operator form. Defining the extended Hamiltonian
H =
(
H1 0
0 H2
)
, (13)
and the supercharges
Q(x) =
(
0 0
A(x) 0
)
, Q†(x) =
(
0 A†(x)
0 0
)
, (14)
with A(x) and A†(x) defined in Eq. (3), the supersymmetric pair is defined in a compact
form through the algebra
{Q(x), Q(x)} = {Q†(x), Q†(x)} = 0,
{Q(x), Q†(x)} = H ,
[Q(x),H] =
[
Q†(x),H
]
= 0 . (15)
For relativistic particles, massless Dirac equation in two dimensions in a uniform
magnetic field perpendicular to the plane of motion of electrons is a typical example of
a supersymmetric pair for the upper and lower components of the Dirac spinor [13, 15].
Introducing the magnetic field trough minimal coupling, p→ p+A(x) ‡, where A(x)
is the vector potential giving rise to the magnetic field, B = ∇ × A(x), the Dirac
Hamiltonian is written as
HD = σ · (p− eA(x)) , (16)
where σ = (σx, σy, σz), where the σi are the Pauli matrices, but we always consider
p = (px, py, 0) and A = (Ax, Ay, 0) . From the property
(σ · a) (σ · b) = (a · b) I2×2 + iσ · (a× b) , (17)
‡ Here, we are considering e = 1.
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we consider the square of the Hamiltonian (16) ,
(HD)
2 = [σ · (p− eA(x))]2
= (px + Ax(x))
2 + (py + Ay(x))
2 +
g
2
(∇× A(x))zσz
≡ HP , (18)
which is precisely the Pauli Hamiltonian [13, 15] for a particle with giromagnetic ratio
g = 2. To see it explicitly, we introduce the supercharges
Q1(x) =
1√
2
[−(py + Ay(x))σx + (px + Ax(x))σy] ,
Q2(x) =
1√
2
[(px + Ax(x))σx + (py + Ay(x))σy] . (19)
Then, it is easy to verify that
{Qα(x), Qβ(x)} = HP δαβ , [HP , Qα(x)] = 0 , (20)
for α, β = 1, 2. With this framework, we address the problem of Dirac equation with
monopole impurities below.
3. Electric and Magnetic monopole impurities in graphene
We start our discussion of the Dirac equation for graphene in stationary, but
otherwise arbitrary electromagnetic field, namely(
vFσ · (p− eA(x)) + ∆v2Fσz + V (x)−E
)
Ψ (x) = 0 , (21)
where vF is the Fermi velocity and ∆ is the mass gap for charge carriers, V (x)
represents the scalar potential, A(x) the vector potential. For general configurations
of electromagnetic fields, it is not obvious than the Hamiltonian in Eq. (21) can be
factorized in a supersymmetric fahsion. It surely shall be the case for the examples we
discuss in the remaining of the article. Considering isotropic potentials, V (x) = V (r)
and A(x) = Ar(r)rˆ + Aθ(r)θˆ, where rˆ and θˆ are the unitary vectors of the polar
coordinates (r, θ) of the system, from the relation (σ · rˆ)2 = I2×2 and the property
in Eq. (17), we re-write the Dirac equation as(
− i (σ · rˆ)
[ d
dr
+ i
Ar(r)
2Φb
− σz
(
Lz
~r
+
Aθ(r)
2Φb
)]
+
σz
ngλ¯
+
V (r)
vF~
− ǫ
)
Ψ (r, θ) = 0, (22)
where Lz is the third component of the angular momentum vector L = r×p and we have
introduced the shorthand notation ǫ = E/(vF~) for the scaled energy, ng = c/vF ≈ 300
is the inverse refractive index, λ¯ = ~/(∆c) is the reduced Compton wavelength and
Φb = ~/(2e) = Φ0/(2π), where Φ0 is the quantum fluxon. Expectedly [16], the wave
function Ψ (r, θ) is an eigenfunction of the operator Lz ≡ −id/dθ, namely of the form
Ψ (r, θ) = ψl(r)e
ilθ, with eigenvalues l ∈ Z. Nevertheless, L is not a conserved quantity.
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The total angular momentum J = L + S –where S is the pseudospin operator in this
context– is conserved, and Ψ(r, θ) is an eigenfunction of the operator Jz, namely
Ψ(r, θ) 7→ Ψj(r, θ) : JzΨj (r, θ) = j~Ψj (r, θ) , (23)
with j ∈ Z. Thus, we replace Lz = Jz − Sz = Jz − ~2σz in Eq. (22) and realize that
l = j ± 1
2
. Then, we can write(
− i (σ · rˆ)
[ d
dr
+
1
2r
+ i
Ar(r)
2Φb
− σz
(
j
r
+
Aθ(r)
2Φb
)]
+
σz
ngλ¯
+
V (r)
vF~
− ǫ
)
Ψj (r, θ) = 0 . (24)
With the aid of the ansatz
Ψj (r, θ) =
1√
r
(
hj(r)e
i(j− 1
2
)θ
i gj(r)e
i(j+ 1
2
)θ
)
=
1√
r
(
ei(j−
1
2
)θ 0
0 ei(j+
1
2
)θ
)(
hj(r)
i gj(r)
)
≡Mj(θ)χj(r), (25)
we rewrite Eq. (24) as(
− i (σ · rˆ)
[ d
dr
+ i
Ar(r)
2Φb
− σz
(
j
r
+
Aθ(r)
2Φb
)]
+
σz
ngλ¯
+
V (r)
vF~
− ǫ
)
Mj(θ)χj(r) = 0 . (26)
We have factorized the angular dependence of the wave function in the matrix Mj (θ)
which can equivalently be expressed as
Mj (θ) =
(
ei(j−
1
2
)θ 0
0 ei(j+
1
2
)θ
)
= ei(jI2×2−
1
2
σz)θ . (27)
Then, it is straightforward to verify that Mj(θ) fulfills the property
(σ · rˆ)Mj (θ) = Mj (θ) σx . (28)
which allows us to write
Mj(θ)
(
− i
[ d
dr
+ i
Ar(r)
2Φb
+ σz
(
j
r
+
Aθ(r)
2Φb
)]
σx
+
σz
ngλ¯
+
V (r)
vF~
− ǫ
)
χj(r) = 0 . (29)
Thus, defining
Vr(r) ≡ Ar(r)
2Φb
σx +
V (r)
vF~
I2×2, (30)
we write the radial Dirac equation for graphene as(
− i
[ d
dr
+ σz
(
j
r
+
Aθ(r)
2Φb
)]
σx +
σz
ngλ¯
+ Vr(r)− ǫ
)
χj(r) = 0 , (31)
Below we consider this equation in the potential produced by electric and magnetic
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3.1. Electric monopole impurity
For the electric monopole impurity, we consider the radial Dirac equation (31) with the
Coulomb potential
Ar(r) = Aθ(r) = 0, Vr (r) = −Zαg
r
, (32)
where Zαg is the effective charge of the electric impurity and αg = αng is the fine
structure constant of graphene. Then, the radial Dirac equation becomes(
1
ngλ¯
+ Zαg
r
+ ǫ j
r
− d
dr
j
r
+ d
dr
1
ngλ¯
− Zαg
r
− ǫ
)
︸ ︷︷ ︸
A
(
gj(r)
hj(r)
)
= 0 . (33)
The r-dependence of the diagonal elements of the matrix A is such that the components
gj(r) and hj(r) cannot be decoupled; the 1/r term in both elements brings higher inverse
powers of r upon derivation. Decoupling of the equations can be done by properly
rotating A such that the undesired term vanishes from one of the diagonal elements.
Defining the unitary matrix
U(η) = ei
1
2
ησy , (34)
where the rotation parameter (angle) η is defined through
sin (η) =
Zαg
j
. (35)
Upon defining ν2 = j2 − (Zαg)2, we observe that
U(η)AU † (η) =
(
− ν
ngλ¯j
− ǫ Zαg
λ¯j
+ ν
r
− d
dr
Zαg
λ¯j
+ ν
r
+ d
dr
ν
ngλ¯j
− ǫ− 2Zαg
r
)
. (36)
Observe that only one of the diagonal components of the rotated A has explicit r-
dependence. Now, assuming that the radial wave function transforms as
U(η)
(
gj(r)
hj(r)
)
=
(
Gj(r)
Fj(r)
)
, (37)
we have that the Dirac equation (33) reduces to(
− ν
ngλ¯j
− ǫ Zαg
λ¯j
+ ν
r
− d
dr
Zαg
λ¯j
+ ν
r
+ d
dr
ν
ngλ¯j
− ǫ− 2Zαg
r
)(
Gj(r)
Fj(r)
)
= 0 . (38)
The coupled system of equations for the unknowns Fj(r) and Gj(r) can be decoupled
in the standard manner, say, obtaining one of the unknowns from one of the equations
and inserting it into the other. Proceeding in this form, the Dirac equation is equivalent
to the decoupled system of equations[
− d
2
dr2
+
(
ν
r
− Zαgǫ
ν
)2
− d
dr
(
ν
r
− Zαgǫ
ν
)]
Gj(r) = ℵ2Gj(r) ,[
− d
2
dr2
+
(
ν
r
− Zαgǫ
ν
)2
+
d
dr
(
ν
r
− Zαgǫ
ν
)]
Fj(r) = ℵ2Fj(r) , (39)
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with
ℵ2 = −
(
Zαg
λ¯ngj
)2
−
(
ν
ngλ¯j
)2
+ ǫ2 +
(
Zαg
ν
ǫ
)2
=
(
ǫj
ν
)2
−
(
1
ngλ¯
)2
. (40)
In this paper, we are interested in the decoupled system of equations in the form (39).
Nevertheless, as discussed in the appendix, the energy eigenvalues can be obtained by
the boundary conditions obtained regularizing the Coulomb potential near the origin.
These energy eigenvalues are of the form
ǫn,j =
(
1
ngλ¯
)[
1 +
Z2α2g
(ν + n)2
]−1/2
, (41)
where n ∈ Z+ for j > 0 and n ∈ N otherwise. For the ground state, n = 0 and j = 1/2,
it is known that there exists a critical value of the charge Zcr such that
2Zcrαg > 1 , (42)
and thus the ground state is unstable and through the mechanism of fall-into-the-center,
it collapses [8]. Atomic collapse has also been observed experimentally as peaks on the
longitudinal conductivity [3] and enhancement in the local density of states [4]. Here, we
present an alternative view of this phenomenon through the lost of unitarity. For that
purpose, we notice that the system of equations (39) has the form of supersymmetric
pair. Indeed, defining the superpotential
Wν(r) =
ν
r
− Zαgǫ
ν
, (43)
we can also define the rising and lowering operators
Aν(r) =
d
dr
+Wν(r) , A
†
ν(r) = −
d
dr
+Wν(r) . (44)
Then, the system of equations is cast in the form
A†ν(r)Aν(r)Gj(r) = ℵ2Gj(r) ,
Aν(r)A
†
ν(r)Fj(r) = ℵ2Fj(r) , (45)
where the SUSY-eigenvalue
ℵ2 7→ ℵ2n,j =
(
Zαg
ngλ¯
)2
(ν + n)2 − ν2[
(ν + n
2
)2 − n2
4
]2
+ (Zαgν)2
. (46)
For the ground state, ℵ0,1/2 = 0 as expected. In matrix form, the system of Eqs. (45)
can explicitly be written(
A†ν(r)Aν(r) 0
0 Aν(r)A
†
ν(r)
)(
Gj(r)
Fj(r)
)
≡ He(r)
(
Gj(r)
Fj(r)
)
= ℵ2n,j
(
Gj(r)
Fj(r)
)
. (47)
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Defining the supercharge
Qν(r) =
(
0 0
Aν(r) 0
)
⇒ Q†ν(r) =
(
0 A†ν(r)
0 0
)
, (48)
we see that the set of operators {Qν , Q†ν ,He} close the supersymmetric algebra (15).
For supercritical states, it is easy to see that Zcr translates to a critical value of
νc = (1/2)
√
1− (2Zcrαg)2 (or ηcr in Eq. (34)) such that ν2c becomes a negative number
and the state collapses. At Zcr, the parameter in Eq. (35) for the transformation (34)
is such that sin(ηcr), cos(ηcr) > 1, which can be achieved only if ηcr is purely imaginary.
Hence, the transformation in Eq. (34) is no longer unitary. Thus, lost of unitarity in this
language is equivalent to the statement of atomic collapse. Notice that at criticality,
the superpotential in Eq. (43) becomes a purely imaginary function.
Next, we discuss the problem of graphene in the potential of a magnetic monopole
impurity.
3.2. Magnetic Coulomb impurities in graphene
Now we consider the problem of a monopole magnetic impurity in graphene described
by the potential
Aθ(r) = λ . (49)
This problem has been considered in Refs. [11] and [12] considering a sequence of
cylindrical dipolar magnets with thickness varying in a manner such that the resulting
magnetic field falls as the inverse of the distance.
Defining ℓλ = 2Φb/λ, the radial Dirac equation for the magnetic Coulomb potential
is equivalent to the coupled system of equations[
d
dr
+
(
j
r
− 1
ℓλ
)]
g (r) =
(
ǫ− 1
ngλ¯
)
h (r) ,[
d
dr
−
(
j
r
− 1
ℓλ
)]
h (r) = −
(
ǫ+
1
ngλ¯
)
g (r) . (50)
Defining
w2 = ǫ2 −
(
1
ngλ¯
)2
, (51)
the system of Eqs. (50) can be straightforwardly decoupled (in other words, the unitary
matrix that decouples the system is the identity) and the unknown functions verify[
− d
2
dr2
+
(
j
r
− 1
ℓλ
)2
+
d
dr
(
j
r
− 1
ℓλ
)]
h (r) = w2h (r)[
− d
2
dr2
+
(
j
r
− 1
ℓλ
)2
− d
dr
(
j
r
− 1
ℓλ
)]
g (r) = w2g (r) . (52)
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The above system of Eqs. (52) can be cast in the form of confluent hypergeometric
equations with energy eigenvalues (see appendix for further details) [11, 12]
ǫn,m = ±λ
√
1− (2m+ 1)
2
(2n− 1)2 , (53)
with m ∈ Z+, n ∈ N and n > m. No pair of numbers (m,n) can render these
eigenvalues to develop an imaginary part and thus, in this case there is no atomic
collapse phenomenon. For the purposes of our analysis, we consider the system of
Eqs. (52), which can be reached without advocating for any rotation whatsoever, and
observe it forms a supersymmetric pair by defining the superpotential
Wm(r) =
j
r
− 1
ℓλ
. (54)
With this superpotential, defining the lowering and rising operators as in Eq. (3) and
the supercharge as in Eq. (14), by defining the corresponding extended Hamiltonian,
Hm =


[
− d2
dr2
+ V1(r)
]
0
0
[
− d2
dr2
+ V2(r)
]

 , (55)
where
V1,2(r) = W
2
m(r)±W ′m(r) , (56)
it is easy to verify that {Q(r), Q†(r),Hm} close the supersymmetric algebra in Eq. (15).
We emphasize that the extended Hamiltonian Hm hence defined is always hermitian.
4. Concluding remarks
In this article we have explored the Dirac equation for graphene under the influence
of monopole impurities, both electric and magnetic. In the former case, factorizing the
corresponding Hamiltonian a´ la SUSY-QM. In the case of the electric impurity, the
problem reduces to the well known example of Dirac equation in the Coulomb potential.
It has been established by theoretical calculations and experimental measurements that
there exist a critical charge Zcr above which there is a fall-into-the center phenomenon
associated with the atomic collapse. Here, we have presented a new look at this
phenomenon by realizing that the factorization of the corresponding Hamiltonian in this
case looses hermicity at the critical charge, and hence for supercritical states, it no longer
preserves probability, which is a statement of the lost of unitarity. In the SUSY-QM
language this manifests through the superpotential which becomes a purely imaginary
function. On the other hand, for the magnetic impurity, regardless factorization, the
Hamiltonian is always hermitian. Thus, there is no collapse in this case in agreement
with the classical observation that magnetic fields do not exert work, and hence are
incapable of dragging the energy of the ground state to the continuum.
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Appendix A
In this appendix, we find the energy eigenvalues for the bound states in the potential of
the electric impurity. The Coulomb potential should be regularized at the origin. We
introduce a distance R, which plays the role of a regulator and which eventually will
vanish, such that in a vicinity of the origin the Coulomb potential is replaced by the
constant potential
Vr(r) = −Zαg
R
, (A.1)
and hence the radial part of the wave function is:
χin (r) = Aω¯

 rjj−1(ω¯r)
i
√
Zαg+ǫR−
R
ngλ¯
Zαg+ǫR+
R
ngλ¯
rjj(ω¯r)

 ≡
(
hin(r)
gin(r)
)
, (A.2)
where
ω¯2 ≡
(
Zαg
R
+ ǫ
)2
−
(
1
nλ¯
)2
, (A.3)
and jl(z) are the spherical Bessel functions [17]. The above pseudospinor should match
the corresponding away from the impurity.
For r > R, our starting point is the system of Eqs. (39), which can be cast in the
form of Whittaker differential equations[
d2
dx2
+
1
4
− (ν − 1
2
)2
x2
+
Zαgǫ
ω
x
− 1
4
]
F = 0 ,[
d2
dx2
+
1
4
− (ν + 1
2
)2
x2
+
Zαgǫ
ω
x
− 1
4
]
G = 0 , (A.4)
where x ≡ 2wr and
ω2 ≡
(
1
ngλ¯
)2
− ǫ2 . (A.5)
Regular solutions to the system (A.4) at infinity are
F (x) = AWZαgǫ
w
,ν− 1
2
(x) , G(x) = BWZαgǫ
w
,ν+ 1
2
(x) , (A.6)
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where A and B are normalization constants for the Whittaker functions Wa,b(z). From
these solutions, the pseudospinor away from the impurity has the form
χout(x) = U
† (η)
(
G (x)
F (x)
)
≡
(
hout (x)
gout (x)
)
. (A.7)
Then, boundary condition χin (R) = χout (R) implies
hin(R)
gin(R)
=
hout(R)
gout(R)
. (A.8)
Now, from the property [17]
jν(z) =
√
π
2z
Jν+ 1
2
(z) , (A.9)
where Jν(z) is the Bessel function of the first kind, we observe that the ratio
lim
R→0
hin(R)
gin(R)
≡
Jj+ 1
2
(Zαg)
Jj− 1
2
(Zαg)
= Cin , (A.10)
with Cin a constant independent of R. Similarly
lim
x→0
WZαgǫ
ω
,ν− 1
2
(x)
WZαgǫ
ω
,ν+ 1
2
(x)
= C , (A.11)
C being a constant independent of x. Next, we use the asymptotic form
Wµ,γ(x) ≃ Γ (2γ)
Γ
(
1
2
− µ+ γ)x 12−γ + Γ (−2γ)Γ (1
2
− µ− γ)x 12+γ (A.12)
for x→ 0. Hence,
WZαgǫ
ω
,ν− 1
2
(x)
WZαgǫ
ω
,ν+ 1
2
(x)
=
Γ(2νγ−1)
Γ
(
−
Zαgǫ
ω
+ν
)x1−ν + Γ(−2ν+1)
Γ
(
1−
Zαgǫ
ω
−ν
)xν
Γ(2ν+1)
Γ
(
1−
Zαgǫ
ω
+ν
)x−ν + Γ(−2ν−1)
Γ
(
−
Zαgǫ
ω
−ν
)x1+ν
. (A.13)
Defining
q(x) =
Γ (−2ν)
Γ (2ν)
Γ
(
−Zαgǫ
ω
+ ν
)
Γ
(
−Zαgǫ
ω
− ν
)x2ν = 2νC−Zαgǫω +ν − x2ν
2ν
−
Zαgǫ
ω
+ν
+ Cx
2ν
, (A.14)
we observe that
lim
x→0
q(x) = lim
x→0
Γ (−2ν)
Γ (2ν)
Γ
(
−Zαgǫ
ω
+ ν
)
Γ
(
−Zαgǫ
ω
− ν
)x2ν
= C
1
ν2 −
(
Zαgǫ
ω
)2 ≡ C˘ , (A.15)
Therefore, Γ (−Zαgǫ/ω + ν), has simple poles for
Zαgǫ
ω
+ ν = −n n ∈ N . (A.16)
So, finally
ǫn,j =
1
ngλ¯j
[
1 +
(
Zαg
n + ν
)2]− 12
. (A.17)
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Appendix B
In this appendix we obtain the energy eigenvalues for the magnetic monopole impurity.
Starting from the system of Eqs. (52) we rewrite these equations in a Whittaker form
as [
d2
dx2
+
1
4
− (j − 1
2
)2
x2
+
j
kℓλ
x
− 1
4
]
h (x) = 0 ,[
d2
dx2
+
1
4
− (j + 1
2
)2
x2
+
j
kℓλ
x
− 1
4
]
g (x) = 0 , (B.1)
where
x ≡ 2kr , k2 =
(
1
ngλ¯
)2
+
(
1
ℓλ
)2
− ǫ2 . (B.2)
Solutions to the system (B.1) are
h (x) = C1W j
kℓλ
,j− 1
2
(x) ,
g (x) = − kC1
ǫ+ 1
ngλ¯
(
1
kℓλ
− 1
)
W j
kℓλ
,j+ 1
2
(x) , (B.3)
where C1 is the normalization constant. Again, we regularize the magnetic Coulomb
potential and consider the constant potential solution around the origin in Eq. (A.2).
A similar reasoning to the previous appendix reveals that
lim
x→0
W j
kℓλ
,j+ 1
2
(x)
W j
kℓλ
,j− 1
2
(x)
= Cm , (B.4)
with Cm a constant independent of R. Then, defining
q(x) =
Γ (−2j)
Γ (2j)
Γ
(
− j
kℓλ
+ j
)
Γ
(
− j
kℓλ
− j
)x2j , (B.5)
we find, after some algebra that
lim
x→0
q(x) = lim
x→0
Γ (−2j)
Γ (2j)
Γ
(
− j
kℓλ
+ j
)
Γ
(
− j
kℓλ
− j
)x2j
= C˜ , (B.6)
where C˜ is a constant and kℓλ 6= 1. Therefore, Γ
(
− j
kℓλ
+ j
)
has simple pole in its
argument for
− j
[
1
kℓλ
− 1
]
= −n˘ n˘ ∈ N . (B.7)
So, ∀ c, j > 0
ǫn˘,j =
√√√√√( 1
ngλ¯
)2
−
(
1
n˘
j
+1
)2
− 1
ℓ2λ
. (B.8)
Finally, replacing n˘ = n− (j + 1/2) we arrive to the desired result, Eq. (53).
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